We consider dynamic multi-species plasma equilibria whose variables depend on a single spatial coordinate and linear perturbations of these. The linearized system may be reduced to a second-order one satisfied by the respective fluid streamfunctions. For the two-species case, the electron mass is a parameter small enough for a WKB asymptotic analysis to be justified. It turns out that the points where either the ion or electron equilibrium velocity equals the ratio between the temporal and transversal frequencies of the perturbation are turning or singular points of the system, connecting exponentially increasing or decreasing solutions to oscillatory ones. The crucial role of singular points in the balance between the different contributions to the electron kinetic energy is explored. V C 2014 AIP Publishing LLC. [http://dx.
I. INTRODUCTION
Plasmas are often described as single fluids whose motion satisfies the Navier-Stokes equations and are governed by the Lorentz force. The electric and magnetic fields satisfy the Maxwell equations with a current density given by the flow of free charges. This is the simplest and probably the most useful model, in particular when one assumes a single neutral fluid and the natural plasma frequencies are low enough to ignore the displacement current; this assumption yields the magnetohydrodynamic approximation. However, several important phenomena such as fast magnetic reconnection 1-4 cannot be adequately explained except by separation of ions and electrons. The equations governing the motion of all species of particles are conceptually simple: each of them is considered as a different fluid, satisfying the Navier-Stokes (or for inviscid fluids, the Euler) equation. All species are linked by a common electromagnetic forcing, while the electromagnetic field is generated by the flow of charged particles. Additionally, a collisional damping is present, 5 although many astrophysical plasmas are so rarified that can be considered effectively collisionless as well as inviscid. 6 The fluid equations may be obtained by taking averages of the kinetic Vlasov equations. 7, 8 The full equations may be found in Ref. 9 , and in a slightly simplified form in Ref. 10 . Other approaches include the interpretation of plasmas as dielectric media. 11, 12 We will first consider the existence of dynamic equilibria of a certain kind for a plasma with any number of species, but for the study of linear perturbations of those equilibria, it is convenient to take the often used model of plasmas formed by three species: ions (taken as protons), electrons, and neutral particles. In the absence of collisions, the last ones will decouple from the rest to satisfy their own unforced Euler equation, so they can be ignored. For the general collisionless system, let us denote by m a ; q a ; n a , and q a , respectively, the mass, electric charge, number density, and material density (q a ¼ m a n a ) of the aspecies, v a will be its velocity, and E and B will denote, respectively, the electric and magnetic fields; finally let P a be the kinetic pressure. Then the following equations hold: @v a @t þ v a Á rv a ¼ q a m a ðE þ v a Â BÞ À rP a q a ;
(1)
A number of additional equations must be added: a state equation relating pressure and density, and Ohm's law defining the current density J. To simplify the analysis, we will take the fluid as incompressible, m a ; q a ; n a , and q a as constants. Thus, we must add r Á v a ¼ 0;
J ¼ X a n a q a v a :
Although to find equilibria the following hypothesis is unnecessary, later we will admit one of the MHD assumptions: that due to the low frequencies present, the displacement current is vanishingly small, which mathematically is equivalent to take 0 ¼ 0 in (3)
The role of the pressure is different in compressible fluids, where it is linked to the remaining thermodynamic variables by a state equation, than in incompressible ones. In the last case, it plays an analogous role to a Lagrange multiplier, its purpose being to ensure that the remaining terms in (1) form an irrotational field (see, e.g., Ref. 13 ). In the compressible case, the continuity equation for each number density n a must be added, as well as the state equation relating P a to n a and the temperature T a . T a satisfies another evolution equation governed by the heat flux (see Ref. 9) . In order to omit the pressure, it is convenient to take the curl of (1 
(7) follows from (1)-(3) by a straightforward calculation. The converse goes as follows: provided the domain where all the spatial variables lie is simply connected, (7) may be uncurled to yield
for some potential F a . If we define now the pressure P a as
we recover (1).
II. ONE-DIMENSIONAL EQUILIBRIA AND LINEARIZED EQUATIONS
Solutions of (2), (4)-(7) not depending on time must satisfy
We will make the following assumptions: all the magnitudes will depend only on the variable x 2 ½0; 1Þ, the velocity and the electric field will have the direction ofŷ, the magnetic field the direction ofẑ. This is the cartesian version of the geometry where the particles describe circles around theẑ axis, and the magnetic field is vertical. Although the equilibrium could easily be found in this axisymmetric case, the linearized equations become more complex because of the presence of the radius in the derivatives. Hence, we stick to our cartesian geometry. Since (4) holds, there exists a streamfunction / a ðxÞ such that v a ¼ r/ a Âẑ ¼ ð0; À/ 0 a ; 0Þ:
In what follows the prime will denote derivative with respect to x. E plays no role in the equilibrium equations, except to note that the electric field must be irrotational. Let B ¼ ð0; 0; BÞ. Then r Â B ¼ ð0; ÀB 0 ; 0Þ ¼ Àl 0 X a q a n a ð0; / 0 a ; 0Þ:
Thus B ¼ l 0 X a q a n a / a þ C z:
We will take the logical assumption that velocities and fields vanish as x ! 1. If they do so fast enough for them to be integrable in ½0; 1Þ, we may take the streamfunctions / a satisfying also / a ð1Þ ¼ 0. With this condition, the constant C equals zero. Thus
This is a function of the form ðf ðxÞ; 0; 0Þ, whose curl is zero. Hence, (10)- (12) holds and all those configurations correspond to (non-static) equilibria. Let us consider now small perturbations of this equilibrium, v a þ u a , E þ e; B þ b; P a þ p a . The density is assumed invariant, and the perturbations take the following form: all of them depend only on ðt; x; yÞ; u a lies in the xy plane, e ¼ eŷ;
Taking (7) instead of (1) as momentum equation, the linearized equations are
r Á u a ¼ 0:
Since (22) holds, we may take a streamfunction for u a u a ¼ @w a @y ; À @w a @x ; 0
;
(23) so that
where D ¼ r 2 is the Laplacian operator. (21) may be written as r b À l 0 X a n a q a w a ¼ 0:
Choosing as before w a such that w a ðx ¼ 1Þ ¼ 0 and assuming bðx ¼ 1Þ ¼ 0, we obtain b ¼ l 0 X a n a q a w a :
After some calculation, one finds
as well as
Hence, (19) may be written as
# @w a @y :
We will take now a Fourier transform in the variables ðt; yÞ ! ðx; mÞ. Since we will later assume that any solution evolving as expðixtÞ is the limit of damped solutions expðÀt þ ixtÞ as ! 0, we need for the functions expðÀtÞw a ðtÞ; expðÀtÞw 0 a ðtÞ; expðÀtÞw 00 a ðtÞ to be integrable in time at least for 0 < c for some c > 0. This occurs, for example, if w a has parabolic support, i.e., if w a vanishes outside an interval ðÀR; 1Þ for some finite R. Alternatively, we could take the Laplace transform in time, but this needs that w a as well as w 0 a and w 00 a vanish at t ¼ 0 if we want the final equation to be homogeneous. Since w a is a perturbation, this hypothesis is justified by arguing that we wish to study the evolution of this perturbation as determined by the equilibrium quantities, not by any arbitrary initial values of it.
We will denote the Fourier transform of w a by W a . Since w a is a real function, W a satisfies W a ðÀx; x; ÀmÞ ¼ W a ðx; x; mÞ:
We must recall that W 0 a may be singular at some point even if the original function u a remains small; the singularities of the Fourier transform depend on the decreasing rate of w a and may well occur even if w a is smooth. Assuming the reasonable hypothesis that w a as well as w 0 a and w 00 a are tempered distributions, (31) transforms into
Then (33) may be written as a second-order differential system on the variables W a
III. ASYMPTOTIC ANALYSIS IN THE TWO-FLUID CASE
In order to make some progress with (36), we consider a plasma formed by monoatomic ions, electrons, and neutral particles and denote their respective streamfunctions vanishing at infinity by W p ; W e , and W n . Since q n ¼ 0, the equation for W n decouples from the rest
and will be omitted. To avoid dragging constants, we take units so that
These are simplifying hypotheses and the analysis could be done with more complex parameters; the condition that the number densities coincide models a globally neutral plasma. As for m e , we denote it by 2 ; for the case electron/proton, 2 $ 5:5 Á 10 À4 , which is small enough to justify a WKB approximation for the system (37). This now takes the form
We could obtain W e in terms of W p from (38) and plug it into (39), obtaining a fourth-order equation in W p . This equation, however, is far less transparent than the original system. Writing down the expressions of F p ; G p ; F e , and G e , (38) and (39) may be set for m 6 ¼ 0 as
We will look for solutions of rapid variation due to the presence of the large parameter k ¼ ffiffiffi ffi N p = by the WKB method. This scheme, named after Wentzel, Kramers, and Brillouin, goes in fact much further back in time (see, e.g., Ref. 15 ). We will extract the results relevant to our study from three texts: the simplest but full of interesting examples is Ref. 16 . A more complete treatment including singular points and first-order systems may be seen in Ref. 17 , and the classical reference 18 devotes some chapters to the WKB method. We have found no reference where the connection formulas through singular points are clearly written down, so we will have to reconstruct them. As asserted, there exists a standard WKB treatment for first order systems, 17 but it runs into difficulties when the eigenvalues of the matrix which multiplies the large parameter k are not all different, as well as in the turning and singular points. Since these are the most interesting aspects of the analysis, we simply pose a WKB form of solution for (40) and (41), which we will abbreviate to
W 00 e ¼ k 2 HW e þ gW e À k 2 W p :
(43) f, g, and H do not depend on k. They are smooth except at the points where / 0 p À x=m or / 0 e À x=m equal zero. The asymptotic expansion of these solutions is assumed to have the form
Taking (44) and (45) into (42) and (43), and equating the terms in k 2 , we obtain the eikonal system
. Taking now the terms of order k
so that B 1 ¼ 0 and the first two terms of W p vanish; thus W p has order k À2 as compared with W e , although the rate of variation given by S is the same. Hence, for the physical optics approximation we may ignore W p and consider only
Notice that even the possible singularities of f in (42) do not challenge this relative order provided they are at most of order two, since these are regular singularities and the solution there remains bounded. In fact, we will consider only singularities of order one, which are the only stable ones; a small perturbation of a higher order one will turn it into a number of simple ones or will make it disappear. This relative order translates into the derivatives W 0 p and W 0 e , and therefore into the ion and electron velocities. The larger electron velocity is a logical consequence of its smaller mass as compared with the ions. Equation (50) may be studied by the classical scalar WKB method. The zeroes x p of H represent turning points, whose behavior is well known, in particular when they are of order one, as we assume. 16 The poles x e of H represent singularities, studied, e.g., in Refs. 17 and 18, and as we will see they have particular properties highly relevant to our case. The key point is the distribution of zeroes of / 0 p Àx=m and / 0 e À x=m in the interval x 2 ½0; 1Þ. Obviously, the possibilities are endless, but the essential point of the behavior of the WKB approximation in each interval bounded by two of these zeroes plus the connection formulas across them, will be captured by a representative example. We choose the following configuration: a single simple zero x p of / 0 p Àx=m followed by a single simple zero x e of / 0 e À x=m, in the form 0 < x p < x e < 1. This is appropriate for the reasonable assumption that the equilibrium velocity / 0 p of the ions is less than the one / 0 e of the electrons, and both decrease with x as x grows. The case where both equilibrium velocities are identical is completely different; there H ¼ 1 and only the singularity of g may exist. We will consider this case at the end. In our case, H is positive in ð0; x p Þ and ðx e ; 1Þ, and negative in ðx p ; x e Þ.
A. Exponential solutions and connections through the turning point
The first point is that since W e ð1Þ ¼ 0 and the coefficients of (50) are real, this will determine the W e up to a multiplicative constant. In order to write down the WKB solutions in each interval, let us define
; ds:
Notice that ffiffiffiffiffiffi ffi jHj p is always integrable, even in a neighborhood of x e , and 
Also S p ðxÞ < 0 for x < x p ; S e ðxÞ < 0 for x < x e . A fundamental system of WKB solutions is for any small d > 0
(1) In ð0; x p À dÞ [ ðx e þ d; 1Þ
jHðxÞj À1=4 e ÀkjS p ðxÞj ; jHðxÞj À1=4 e kjS p ðxÞj ;
(2) In ðx p þ d; x e À dÞ jHðxÞj À1=4 e ÀikjS p ðxÞj ; jHðxÞj À1=4 e ikjS p ðxÞj ;
or jHðxÞj À1=4 cosðkjS p ðxÞjÞ; jHðxÞj À1=4 sinðkjS p ðxÞjÞ: (56)
We could take as well the same functions changing S p by S e , since jS p j ¼ jS e j À k for x < x p ;
so that the functions with the exponent jS e j differ from the ones in (55) by multiplicative constants. Connections through the turning point x p are well known. The trick is to identify equation (50) near x p with an Airy equation and use these (or equivalently, the Bessel functions of order 1/3) to see how the WKB solutions are continuously connected. Often, 16 the connection proceeds from the exponential solutions to the right to the trigonometric ones to the left, as the realistic solution is the exponentially decreasing one as x ! 1. In our case, however, we must proceed from x < x p to x > x p . Since these results are abundantly explained in the literature (see, e.g., Ref. 17), we merely state them. We have
jHj À1=4 e kjS p j ! jHj À1=4 e iðkjS p jþp=4Þ ¼ jHj À1=4 e iðÀkjS e jþkkþp=4Þ :
As expected, the solutions are exponentially increasing or decreasing in ð0; x p Þ and oscillatory in ðx p ; x e Þ. Still the only boundary condition we have, W e ð1Þ ¼ 0, has not appeared and leaves open the one-dimensional space of solutions. To determine it we must turn to the singular point at x e .
B. Connections through the singular point
As stated, even in the texts studying the singular case, 17, 18 explicit connection formulas through x e are lacking. To obtain them, we must reconstruct the approximation procedure. Assume that the functions / e and / p are analytic. One first takes the Liouville transform
where sgn denotes the sign. Let
Then U e as a function of f satisfies an equation of the form
and G 1 is analytic near f ¼ 0, so that the term k 2 =ð4fÞ is dominant for two reasons near f ¼ 0: jfj ( 1 and k 2 ) 1.
Hence, we may omit G 1 from (66 
On the other hand, K 1 and Y 1 are multiform functions due to the presence of a logarithm in their power expansion. Usually, the ray ðÀ1; 0 is excluded from the plane in their definition (i.e., we take the principal branch of the logarithm). In these conditions, for f > 0
Thus, if we take ffiffiffiffiffiffi Àf p ¼ i ffiffiffiffiffi jfj p , the solutions in (67) evolve in the following way when going from f > 0 to f < 0
If instead we take ffiffiffiffiffiffi Àf p ¼ Ài ffiffiffiffiffi jfj p , since all the Bessel functions are real for real argument, their value at the conjugate of z is the conjugate of their value at the point z. Thus, without further calculation ffiffi ffi
We must now decide which sign is the appropriate one. First, for x near x e ; x > x e
where the value h 0 is positive, since H is positive. Thus, following (62), f $ 4h 0 ðx À x e Þ, so that f > 0 means x > x e . The point x e is the root of / 0 e ðxÞ À x=m ¼ 0 for fixed x, but now we allow it to vary for times frequencies near x, and denote it by x e ðxÞ. Now, we use the previous assumption that the solution for x must be the limit of the solutions for the same Eq. (50) with x þ i; > 0; ! 0. If the zeroes x e ðx þ iÞ lie in the upper half plane for small positive , then x À x e ðx þ iÞ and therefore f changes from f > 0 to f < 0 through the lower half plane, which means that ffiffi ffi f p changes to Ài ffiffiffiffiffi jfj p . The opposite happens if x e ðx þ iÞ lies in the lower half plane. Since whereas the opposite happens for m < 0. Thus, for m > 0, the solutions connect as follows: if / e is convex at x e ; / 00 ðx e Þ > 0, the second solution (71) and (73) goes as ffiffi ffi
If / e is concave at x e ; / 00 ðx e Þ < 0, this solution changes as ffiffi ffi
Þ:
(79)
The first solutions (70) As stated, in contrast to the turning point x p , an imaginary part always occurs to the left of x e if the solution is decreasing as x ! 1. In the alternative case 0 < x e < x p < 1, the solution is oscillatory but real between x e and x p , and an imaginary part develops to the left of x e . For a more complex distribution of zeroes of / 0 e À x=m and / 0 p À x=m, further connections are possible; always the solution is oscillatory whenever the two functions have different signs, nonoscillatory otherwise. The condition W e ð1Þ ¼ 0 yields a onedimensional space of solutions. Thus, we may impose W e ð0Þ or W 0 e ð0Þ, but not both. The case where the equilibrium velocities are the same is best considered independently. In this instance, Eq. (50) simplifies to
where
For H 6 ¼ 1, the singular point of g could be ignored because it coincides with the one of H, which is multiplied by the large constant k 2 . Since now the constant k 2 has no relation to the singular point, there is no reason to expect rapid variation of the solutions and (97) may be treated by the Frobenius method. The indicial equation is rðr À 1Þ ¼ 0, so one of the solutions has the form
and the other one
Outside a neighborhood of x e whose radius has order 1=k, the solutions are to the first order a linear combination of expðkxÞ and expðÀkxÞ. The solution decreasing as x ! 1 behaves like expðÀkxÞ for kx large, becomes a linear combination of W e1 and W e2 at kjx À x e j < , and extends to the left of x e as a linear combination of expðkxÞ and expðÀkxÞ. The important part is that the logarithmic term in (98) will again yield an imaginary part for x < x e : its sign depends as before on / 00 e ðx e Þ. The relevance of this component of the solution concerning the absorption of energy at differentes parts of the plasma sheet will become evident in Sec. IV.
IV. BALANCE OF ENERGY
We will show that a study of the mean absorption of electron kinetic energy will yield an invariant quantity which combines transfers from kinetic to magnetic energy and viceversa. This invariant is trivially equal to zero in the case where the solutions of (50) are real, i.e., when there is no zero of / 0 e À x=m in the interval ½0; 1Þ. We start from the momentum equation (1) for the electrons, and in view of the results of Sec. III we feel justified in eliminating the ion velocity from the definition of the magnetic field in (5) . The linearized equation takes the form q e @u e @t þ q e v e Á ru e þ q e u e Á rv e
Multiplying it by u e , we obtain 1 2 q e @u 2 e @t þ q e u e Á rv e Á u e þ 1 2 q e v e Á ru 2 e ¼ ÀNe Á u e À Nðv e Â bÞ Á u e À rp e Á u e :
Since we have worked with the Fourier transforms in y and t of the original quantities, we should write down (100) for the Fourier transforms of u e ; e; b and p e . An alternative easier method is to consider Fourier modes separately, i.e., to take functions of the form aðxÞexpðiðxt þ myÞÞ. Since for f real one hasf
ðx; x; mÞ ¼f ðÀx; x; ÀmÞ;
we will take variables of the form hðxÞe iðxtþmyÞ þ hðxÞe ÀiðxtþmyÞ ; (102) for x 6 ¼ 0. We choose them because for both terms of the expression in (102) the ratio x=m is the same, so when substituting in Eq. (50) they will have the same turning points and singularities. We will integrate (100) in slabs c < x < d, with y 2 ðÀ1; 1Þ fixed. Apparently, there is a problem with this integration, since functions of the form (102) are not integrable in the variable y. However, note that in (100) there are always products of two functions in y; the remaining one, where it appears, depends only on x as it corresponds to an equilibrium quantity. 
by applying Gauss' theorem, since v e has the direction ofŷ and therefore it is orthogonal to the vector normal to the slabs, 6x. All the functions in (100) will be written in terms of the expressions for the streamfunction w e and the pressure p e . Let us denote w e ¼ aðxÞe iðxtþmyÞ þ aðxÞe ÀiðxtþmyÞ ;
(108) p e ¼ pðxÞe iðxtþmyÞ þ pðxÞe ÀiðxtþmyÞ :
b ¼ bẑ may be found through (26), which in our case reduces to b ¼ ÀNw eẑ ¼ ÀNðaðxÞe iðxtþmyÞ þ aðxÞe ÀiðxtþmyÞ Þẑ: (110)
Hence @b @t ¼ ÀNðixaðxÞe iðxtþmyÞ À ixaðxÞe ÀiðxtþmyÞ Þẑ:
As for e ¼ eŷ, (20) yields @b @t ¼ À @e @x :
Since we always assume that all the variables vanish at infinity, eðx ¼ 1Þ ¼ 0, we obtain from (111) e ¼ NðixAðxÞe iðxtþmyÞ À ixAðxÞe ÀiðxtþmyÞ Þ;
where A 0 ðxÞ ¼ aðxÞ; Að1Þ ¼ 0, i.e.,
The integral in (114) will converge because a decreases exponentially for large x. Finally, from (23) u e ¼ imaðxÞe iðxtþmyÞ À imaðxÞe ÀiðxtþmyÞ ;
Àa 0 ðxÞe iðxtþmyÞ À a 0 ðxÞe ÀiðxtþmyÞ ; 0 :
We may now integrate each term of (100) in the slab. First we noticeû e ðmÞ ¼ ðima; a 0 ; 0Þe ixt ; 
where the 6sign is positive in x ¼ d and negative in x ¼ c.
Thus the integral of the last term in (122) is
which again vanishes for x > x e , since there both p and a are real. If we write p ¼ P þ iQ, this term equals 2mðQU À PVÞðdÞ À 2mðQU À PVÞðcÞ:
Since (122) holds for any c and d, and we have set this integral as a difference of terms in d and c, we must conclude that the values of this term mq e WðU; VÞ/ 0 e þ xN 2 WðR; SÞ þ mðQU À PVÞ;
are the same for all points; thus it is constant for x 2 ½0; 1Þ.
Since the first term of (141) is discontinuous at x e because WðU; VÞ goes from W 0 to zero, and the second one is continuous, the third one must be discontinuous at the singularity. Since V is zero there, it must be Q, i.e., the imaginary part of the Fourier transform of the pressure which is discontinuous. Since all the terms in (141) are known except for the pressure, this identity may be viewed as defining it, or rather its phase, since we have the two components P and Q and a single equation. For x > x e , (141) does not provide any information as all the terms are zero. The meaningful part of (141) is q e W 0 þ x m N 2 WðR; SÞ þ QU À PV ¼ const;
which implies
x m N 2 WðR; SÞ þ QU À PV ¼ const;
for x < x e .
V. CONCLUSIONS
To obtain dynamic equilibria in a multi-species collisionless plasma is an easy task when the quantities depend on a single spatial variable x to which velocity and magnetic field are transversal, as well as among themselves. This corresponds to the cartesian equivalent of the geometry where the particles describe plane circles under a vertical magnetic field and a collinear electric one. Linear perturbations of these equilibria have a rich and intrincate structure where resonances with the equilibrium motion of the different species provide a plethora of different flow possibilities. We study the case where the plasma is formed by monoatomic ions, electrons, and neutral particles (which decouple from the rest and play no role in the analysis). Once a temporal frequency x and a spatial one m in the transversal variable are fixed, the Fourier transforms of the ion and electron streamfunctions satisfy a linear system with singularities whenever one of the equilibrium velocities equals x=m. By taking the inverse of the electron mass as a large parameter, one is able to use a WKB asymptotic method to show that the electron streamfunction dominates the ion one that the zeroes of the ion equilibrium velocity are turning points and those of the electron equilibrium velocity are singularities of the equation. The first order approximation to the solution possesses an exponential character at the intervals where the wave velocity x=m is either larger or smaller than both equilibrium velocities, whereas it is oscillatory when it is larger than one and smaller than the other. Even if the solution is always real and exponentially decreasing for large values of x (provided one assumes, plausibly enough, that the variables vanish at infinity), the solution always develops an imaginary part to the left of the singularities, which is essential for the balance of the different contributions to the electron kinetic energy. This balance yields an invariant of the system which provides information on the otherwise unknown electron pressure.
